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For the extended mean Stieltjes integral R. A. Stokes has shown that joint discontinuities of the functions involved can be ignored just as in the ordinary mean Stieltjes integral as considered by Porcelli and others. A Stieltjes type integral of a function with respect to a function pair has been defind by E. D. Roach, but existence of the integral depends upon the simultaneous continuity of two or more of the functions involved. In this paper a mean Stieltjes type integral of a function with respect to a function pair is defined which overcomes these limitations. Representation theorems for the integral are also given. !• Definitions and notations* Unless otherwise stated or implied, functions considered in this paper are real valued and defined on the rectangular interval A - [a, 7] x [β, δ] . Limits are of the σ or refinement type on partitions D of A [4, 10] . [6] The horizontal and vertical contour maps of / are given by f [ -,ri\ and f[m, -] , respectively, where (m, n) e A. The function / is of bounded variation in the sense of Vitali provided the sums of the type Σde2>l/(d)| are uniformly bounded. Y ίP , g r ,.i(f) (or V d (f)) will denote the variation of / over d. Hardy and Krause require additionally that at least one horizontal and at least one vertical contour map of / be of bounded variation [1, 2] . The function / is said to be (1) [2, 11] . (g, h) are nondecreasing under refinement; and (3) 
If the subinterval d = [p, r] x [q, s] of A is an element of the partition D, then the /-area of the function / is given by f(d) = f(p, q) -f(r, q) + f(r, s) -f(p, s)
where the summation is over all e in E/d. Thus using techniques analogous to those developed in [12, pp. 10-14] 
and b be a subinterval of d missing the vertices of d such that d(d) Π d(b) Φ 0. Then there exists a proper subinterval b r of b such that if E is a partition of 6', then Σ L'{e) < ε where the summation is over all e in E which have no point in common with d(d).
Proof. Assume that g [ -, δ] is continuous. If h [ -,/3 ] is continuous, the proof is similar. Let ε > 0. Assume that K = h(a, β) -h(j, β) Φ 0; otherwise, the result is immediate. There exists a partition
Under the conditions on g and h, it follows routinely that
) is nonnegative follows readily from the definitions. LEMMA [a, 7] , is continuous.
If f is a function of bounded variation in the sense of Vitali and each of its horizontal contour maps is continuous, then the variation function V(x) = V ίa , β . tX , δl (f) for each x in
The following theorem parallels a known result concerning functions of bounded variation in Vitali's sense [9, p. 250 [ -, β] are continuous.
Proof. It is known that if g is of bounded variation in the sense of Hardy-Krause, then g [a, -] ,g [ -,β] , and g[ -, <?] are of bounded variation in the usual sense [2, p. 385] . Thus let g t be the function such that
{g [-, δ\) for all (x, y) in A. Additionally let g 2 = g + g 1 
.2. If f is quasicontinuous, g and h are of bounded variation in the sense of Hardy-Krause, and either the horizontal contour maps of g or the horizontal contour maps of h are continuous, then f is (g, h)-integrable.
Proof. Let ε > 0. In view of Theorem 2.5 and the remarks preceding this theorem, it suffices to consider a totally nondecreasing g and a partially nondecreasing h such that either g [ -, δ] 
and (2) if P and Q are in the interior of A< or in the interior of a particular edge of A, for some i ^ JV, then |/(P) -f{Q)\ < e [12, p. 4] 
vertex with AJ, E i3 -{ee G/e i3 \d(e) Π d(A<) Φ 0}, Clj = (G/c i3 )\C φ and ^ = (G/e tί )\E iS .
Then 
that | S E (f, 9, h) -S F (f, 9,h)\ < e(2K + 1), where E, F ^ D. It is well known that this Cauchy condition insures the σ-limit since S D (f, g y h)
is a function of subdivisions [4, Th. 2.11, p. 266] i.e., / is (g, /^-integrable.
4* Representations for the integral* We now develop certain representation theorems for the integral, establishing relationships between it, the ordinary mean Stieltjes integral (m{σ)\ f dg [3, 10] (μ(u, v) ){v( i. v) 
fμdv-Σ. (F(e))
Similarly one can see that lim^ΣdeijίJ^ίίί))^^, s))(μ(d)) = m{σ)\ fvdμ.
JA

Thus lim ff S(/, g, h) = m(σ)\ fμdv -m(σ)\ fvdμ.
JA JA REMARK. If in the above theorem we were to allow / to be a nonconstant factorable function and require only that ^ and hi (i = 1, 2) p, r] , and θ, θ f e [q, s] . Whereupon it follows that μ is of bounded variation in the sense of Vitali and hence that m(σ)\ f dμ exists [12, Th. 3.1, p. 15] 
